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We discuss a general bipartitelike representation and Schmidt decomposition of an arbitrary pure state of
N indistinguishable fermions, based on states of M < N and (N-M ) fermions. It is directly connected with
the reduced M- and (N-M )-body density matrices (DMs), which have the same spectrum in such states. The
concept of M-body entanglement emerges naturally in this scenario, generalizing that of one-body entanglement.
Rigorous majorization relations satisfied by the normalized M-body DM are then derived, which imply that
the associated entropy will not increase, on average, under a class of operations which have these DMs as
postmeasurement states. Moreover, such entropy is an upper bound to the bipartite entanglement entropy
generated by a class of operations which map the original state to a bipartite state of M and N − M effectively
distinguishable fermions. Analytic evaluation of the spectrum of M-body DMs in some strongly correlated
fermionic states is also provided.
DOI: 10.1103/PhysRevA.103.052424
I. INTRODUCTION
A remarkable feature of quantum mechanics is the exis-
tence of correlations between quantum systems that cannot
be emulated by their classical counterparts. Entanglement is
the most celebrated manifestation of such correlations, and it
has been object of intense research in quantum physics, par-
ticularly within the field of quantum information theory [1].
Particle indistinguishability is another fundamental feature of
quantum mechanics, lying at the heart of condensed-matter
physics and quantum field theories. An interesting problem
combining these two fundamental concepts is that of the study
and quantification of correlations between indistinguishable
particles, a topic that has received increasing attention in re-
cent years [2]. Indistinguishability poses a nontrivial difficulty
in the study of quantum correlations, because the notion of
entanglement is intimately connected with that of local op-
erations, and the latter are possible only if the constituents
of the system can be distinguished. Different approaches to
this problem have been considered, like mode entanglement
[3–5], extensions based on correlations between observables
[6–10], and entanglement beyond symmetrization [11–21],
which is independent of the choice of a single-particle (sp)
basis. The relation between these forms of entanglement has
been analyzed by different authors [2,5,16,20,22–29], as well
as the question regarding whether symmetrization correlations
should be addressed as entanglement [30–34].
In this paper we explore the generalization of the
bipartite formulation devised in [35] for the notion of
one-body entanglement, a measure of correlations beyond
(anti)symmetrization introduced in [20]. We start by consider-
ing operators on the fermion Fock space of the system creating
*Present address: Faculty of Physics, University of Warsaw, Pas-
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general M-fermion states, which are used to show that a gen-
eral N-fermion state can be always written as a bipartitelike
state of M < N and N − M fermions. This bipartite repre-
sentation is connected with the definition of the M and N −
M-body reduced density matrices (DMs) [36–38] in a way that
closely resembles the case of bipartite states of distinguishable
constituents. The ensuing (M, N − M ) Schmidt-like decom-
position of the state determines the diagonal form of these
DMs, entailing they share the same nonzero eigenvalues.
Pushing forward this analogy, we propose to link the corre-
lations between M and N − M-body observables, which we
call M-body entanglement, to the mixedness of the M-body
DM, as formalized by eigenvalue majorization. We intro-
duce a family of entropic measures of such correlations and
show that there exists a class of operations not increasing
the amount of these correlations in any N-fermion state. Fi-
nally, we prove the existence of a family of quantum maps
converting N-fermion states into bipartite states of effectively
distinguishable M and N − M-fermions, in the sense of occu-
pying orthogonal sp subspaces. Conversion by means of any
of these maps is such that the entanglement entropy of the
bipartite target state is bounded from above by the M-body
entropy, assigning the latter a clear operational meaning. Ex-
plicit examples of M-body DMs and their eigenvalues in some
physical states are also provided.
II. FORMALISM
We consider a sp space H of finite dimension D, spanned
by fermion operators ci, c
†
i , i = 1, . . . , D satisfying the anti-
commutation relations
{ci, c†j } = δi j, {ci, c j} = {c†i , c†j } = 0. (1)
We also define the M-fermion creation operators
C(M )†α = c†i1 . . . c†iM , (2)
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where i1 < i2 < · · · < iM and α = (i1, . . . , iM ) labels all(D
M
) = D!M!(D−M )! distinct sets of M sp states sorted in increas-
ing order. These operators satisfy
〈0|C(M )α C(M
′ )†













where N̂ = ∑i c†i ci is the fermion number operator and (N̂M)








)|〉 = (NM)|〉 for N̂ |〉 = N |〉, with (N̂1) = N̂ , (N̂2) =
N̂2−N̂
2 , etc.]. Equation (4) is a generalization of the number
operator, representing the number of “M-fermion compos-
ites.” The states CM†α |0〉 are Slater determinants (SDs) and
form, for all α and 0  M  D, an orthonormal basis of the
2D-dimensional Fock space associated to H.
A normalized pure state |〉 of N fermions (N̂ |〉 =















where i1...iN are the elements of a fully antisymmetric tensor,
and (N )α = 〈0|C(N )α |〉 = i1...iN (for α = (i1, . . . , in), i1 <
i2 < . . . < iN ), with∑
α
∣∣(N )α ∣∣2 = 1N!
∑
i1,...,iN
∣∣i1...iN ∣∣2 = 1. (7)
Thus |(N )α |2 = 〈|C(M )†α C(M )α |〉 is the probability of finding
the N sp states α occupied in |〉.
A. The (M, N − M) representation and the M-body DM
For 0  M  N we can also rewrite the state (5) as



















C(M )α |〉 = i1...iM j1... jN−M , (9)









distinct sets of M and N − M sp









We will denote the expression (8) as the (M, N − M )-body
representation of the N-fermion state (5). It is a bipartitelike
expansion of |〉 in orthogonal M- and (N − M )-fermion
states, leading to a
(D
M
) × ( DN−M) matrix representation (M )
of the original tensor  in (5). Of course, decompositions
(M, N − M ) and (N − M, M ) are equivalent, with
(N−M ) = (−1)M(N−M )((M ) )T , (11)
due the antisymmetry of  (T denotes transpose). Equation
(6) is the trivial (N, 0) representation.
From the antisymmetry of  it also follows that









which represents the (un-normalized) state of the remaining
N − M fermions when the M sp states labeled by α are oc-
cupied in |〉. Equations (12) and (3) imply that the M-body
density matrix [36,38], whose elements are defined as
ρ
(M )
αα′ := 〈|C(M )†α′ C(M )α |〉, (13)
can be expressed in terms of (M ) as
ρ (M ) = (M )(M )†, (14)







α′β , in the same way as the re-
duced density matrix ρA = TrB|AB〉〈AB| is obtained from
a general state |AB〉 =
∑
i, j Gi j |iA, jB〉 of a system of
two distinguishable components (ρAii′ = (GG†)ii′ for ρAii′ =〈AB||i′A〉〈iA| ⊗ 1B|AB〉). In particular, ρ (M )αα is the probability
of finding the M sp states specified by α occupied in |〉.
Equation (14) is a positive semidefinite
(D
M
) × (DM) matrix








〈|Ô(M )|〉 = Tr [ρ (M )O(M )]. (15)
Its trace is given by






as implied by Eqs. (4) or (10). We also notice that








Hence, using (11), the partner (N − M )-body DM, of ele-
ments ρ (N−M )ββ ′ = 〈|C(N−M )†β ′ C(N−M )β |〉, is
ρ (N−M ) = (N−M )(N−M )† = ((M ) )T (M )∗, (18)
which shows it has the same nonzero eigenvalues (and hence
the same trace) as the M-body DM (14) [36,38], as discussed
in Sec. II B in more detail.
In particular, for M = 1, C(1)†α = c†i , and we recover from












where the D × ( DN−1) matrix (1) determines the one-body DM
(also denoted as SPDM) ρ (1)ii′ = 〈|c†i′ci|〉 through
ρ (1) = (1)(1)† . (20)
We finally remark that Eq. (8) is a particular case of the
more general k-partite representation of the state (5),






. . .C(Mk )†αk |0〉, (21)
where M1...Mkα1...αk = 〈0|C(Mk )αk . . .C(M1 )α1 |〉 = i1...iN for α1 ≡
(i1, . . . , iM1 ), . . . ,αk ≡ (iN−Mk+1, . . . , iN ) and
∑k
j=1 Mj = N ,
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sets of Mj sp
states. The basic expansion (5) corresponds to k = N and
Mj = 1 for j = 1, . . . , N .
B. The (M, N − M) Schmidt representation
We can now employ the singular value decomposition of
the matrix (M ),
(M ) = U (M )D(M )V (N−M )†, (22a)




ν δνν ′ , (22b)
where U (M ),V (N−M ) are
(D
M
) × (DM) and ( DN−M) × ( DN−M) uni-
tary matrices and D(M ) ≡ D(M,N−M ) a (DM) × ( DN−M) diagonal
matrix with non-negative elements. Here λ(M )ν denotes the
square of the singular values of (M ), i.e., the eigenvalues
of (M )(M )† = ρ (M ) or equivalently, (M )T (M )∗ = ρ (N−M ),
which have the same spectrum (except for the number of zero




















U (M )αν C
(M )†
α , (24)








are “collective” operators creating, respectively, M and N −
M fermions in generally entangled (i.e., non-SDs for M  2)
states. Nevertheless, since they are unitarily related to the
original operators C(M )†α and C
(N−M )†
β
, they still satisfy, for
1  M  N − 1,




















ν δνν ′ . (28)
Moreover, Eqs. (12), (22), and (24) lead to







such that B(N−M )†ν |0〉 is the state of remaining N − M fermions
when M fermions are measured to be in the “normal” or
“natural” state A(M )†ν |0〉. Equations (26)–(29) also imply that
the normal operators A(M )ν , B
(N−M )
ν diagonalize the M- and
(N − M )-body DMs:
〈|A(M )†ν ′ A(M )ν |〉 = (U (M )†ρ (M )U (M ) )νν ′
= λ(M )ν δνν ′
= 〈|B(N−M ) †ν ′ B(N−M )ν |〉. (30)
For M = 1 we recover from (24)–(25) the diagonal represen-





c†ν the operators creating a fermion in the ensuing natural sp
orbitals.
In the trivial case M = N , ρ (N ) has a single nonzero





α , creating the state. On the other hand, in
an N-fermion SD, which can be always written as |〉 =
c†1 . . . c
†










operators A(M )†ν = c†i1 . . . c†iM , 1  i1 < · · · < iM 
N , with support on the N occupied sp states, satisfy-
ing 〈|A(M )†ν A(M )ν ′ |〉 = δνν ′ . For instance, the decomposition








i |0〉, with B(2)†1 = c†2c†3, B(2)†2 = −c†1c†3, B(2)†3 =
c†1c
†
2 and 〈c†i c j〉 = δi j = 〈B(2)†i B(2)j 〉 for i, j  3, similarly for
general N . Thus, in a SD ρ (M ) is idempotent: (ρ (M ) )2 = ρ (M )
∀M  N .








j |0〉, with i j = − ji, the (nonzero) singular
values of (1) =  for the M = 1 decomposition (1,1), and
hence the eigenvalues of ρ (1) = †, are always twofold
degenerate [11], such that the natural operators can be paired
as A(1)†ν = c†ν , A(1)†ν̄ = c†ν̄ for λ(1)ν = λ(1)ν̄ , with B(1)ν = c†ν̄ ,





























where (31b) is the well-known Slater decomposition of a
two-fermion state [11,13], with 〈c†νcν ′ 〉 = 〈c†ν̄cν̄ ′ 〉 = λ(1)ν δνν ′ ,




ν = 1. For D = 4 (two fermions
in four sp levels), there are just two distinct eigenvalues
λ(1)ν , given by λ± = 1±
√
1−C2
2 , with C = 2|1234 − 1324 +
1423| = 2
√
λ+λ− the fermionic concurrence [11,13,20],






C. The eigenvalues of the M-body DM
While the eigenvalues λ(1)ν = 〈|c†νcν |〉 of the SPDM
ρ (1) always lie in the interval [0,1] (as c†ν are standard fermion
operators), for M  2 those of ρ (M ) can be greater than 1
when |〉 is not a SD, since the normal operators A(M )†ν will in
general no longer be a single product of M fermion creation
operators. These operators may exhibit bosonlike features for
even M  2, or in general features of boson + fermion cre-
ation operators for odd M  3.
We first note that any operator A(M )† = ∑α γαC(M )†α creat-
ing M < N fermions can be expanded in the normal operators
(24) as A(M )† = ∑ν γνA(M )†ν , with γν = ∑α U ∗ανγα. Hence,
using (30),
〈|A(M )†A(M )|〉 =
∑
ν
λ(M )ν |γν |2, (32)
with 〈0|A(M )A(M )†|0〉 = ∑ν |γν |2. Thus for normalized oper-
ators satisfying 〈0|A(M )A(M )†|0〉 = 1, the largest eigenvalue
λ(M )max of ρ
(M ) bounds any such average:
〈|A(M )†A(M )|〉  λ(M )max. (33)
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In a SD, λ(M )max = 1 and 〈|A(M )†A(M )|〉  1 ∀ M and nor-
malized A(M )†. This bound can, of course, be broken in more
general fermion states.
For instance, let us define, assuming even sp dimension D,








which satisfies [A†, N̂] = −2A† and
[A, A†] = 1 − 2D N̂, (35)
implying 〈0|AA†|0〉 = 1. We then consider the normalized
























niμ with niμ = 0, 1,
∑
μ niμ = k,







(k + 1)(1 − 2k/D)|2(k+1)〉 (37a)
A|2k〉 =
√
k(1 − 2 k−1D )|2(k−1)〉, (37b)
so that for these states A† behaves as a perfect ladder operator
and can therefore be considered an ideal coboson according to
the definition given in [39].
Since in |2k〉 all sp states have the same probability of
being occupied and fermions are created in pairs, it is ap-
parent that the SPDM ρ (1) will have just a single degenerate
eigenvalue λ(1)ν = N/D  1 (see Appendix A). Then it will be
uniformly mixed, i.e., proportional to the identity and hence
diagonal in any sp basis:
ρ (1) = 2k
D
1. (38)
Hence the states (36) lead to maximum one-body entangle-
ment compatible with a given value of N , with (38) showing
explicitly that they are not SDs for 2k < D.
In contrast, from Eqs. (37) it follows that A†A|2k〉 =
k(1 − 2 k−1D )|2k〉, implying that the two-body DM ρ (2) has
one large nondegenerate eigenvalue (see Appendix A),
λ(2)max = 〈2k|A†A|2k〉 = k
(




associated with the normal operator A†, which satisfies λ(2)max >




) − 1 eigenvalues of ρ (2) are small and identical





D(D − 2)  1, (40)
such that λ(2)max + [
(D
2
) − 1]λ(2)rest = (N2) [Eq. (16)]. Since
〈|A†A|〉  1 in any SD [Eq. (33)], (39) clearly signals as
well that |2k〉 is not a SD.
The dominant eigenvalue (39) is maximum in the half-
filled case k = [ D+24 ], where λ(2)max ≈ D(1 + 2/D)2/8 in-
creases linearly with D for large D and can then become
FIG. 1. Maximum eigenvalue λmax = λ(M )max of the M-body density
matrix ρ (M ) for M  4 in the state (36) as a function of the number
of pairs k for sp space dimension D = 30 (all labels and quantities
plotted are dimensionless).
arbitrarily large. For D  k, λ(2)max ≈ k = N/2 is just the num-
ber of pairs, whereas λ(2)min ≈ (2k/D)2 becomes very small. As
seen from (35)–(36), for D → ∞ at fixed N , A† becomes a
“true” boson ([A, A†] → 1), with |2k〉 → (A† )k√k! |0〉 a conden-
sate of k bosons.
Eigenvalues of odd M DMs can also exceed 1. For in-
stance, in an odd state |2k+1〉 = c†D+1|2k〉, where we have
enlarged the sp space with one additional state, the largest
eigenvalue of the three-body DM ρ (3) is again given by [see
Eq. (39)] 〈2k+1|c†D+1A†A cD+1|2k+1〉 = λ(2)max  1, which
corresponds to the number of pairs times the number of “sin-
gle fermions” (1). The eigenvalues of ρ (3) in the even state
(36) can also be analytically determined (see Appendix A).
Its largest eigenvalue,
λ(3)max =
2k(k − 1)[1 − 2D (k − 1)]
D − 2 , (41)
while smaller than (39), still satisfies λ(3)max > 1 for 1 +√
D/2 < k < D/2, reaching ≈ 2D27 at k ≈ D3 for D  1. Fig-
ure 1 depicts λ(M )max vs k for M  4 in the states (36).
From (37) it also follows that (A†)mAm|2k〉 ∝ |2k〉 for
m  k. Thus the largest eigenvalue of the 2m-body DM in the
























which generalizes Eq. (39) (m = 1 case). Thus λ(2m)max > 1 for




if D  k. Similarly, in the
odd state |2k+1〉 = c†D+1|2k〉, λ(2m+1)max = λ(2m)max .
The eigenvalues of ρ (M ) can also be all smaller than 1. For




(c†1 . . . c
†
D/2 + c†D/2+1 . . . c†D)|0〉, (43)
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all nonzero eigenvalues of ρ (M ) are easily seen to be
λ(M )ν = 1/2, (44)
for 1  M  N − 1, 2(NM) degenerate. This example shows
that distinct N-fermion states which appear identical at the
one-body level, like (36) and (43) for N = D/2 (ρ (1) = 121),
can differ significantly at higher M-body levels [λ(2)1 = 1/2
in (43) while λ(2)1 = D8 (1 + 4D ) > 1 in (36) for k = D/4 and
D  8].
III. M-BODY ENTANGLEMENT
A. Mixedness of the M-body DM
The Schmidt-like decomposition (23) of an N-fermion
pure state, and the fact that the positive numbers λ(M )ν repre-
sent the nonzero eigenvalues of both the M and (N − M )-body
DMs, naturally lead to a notion of M-body entanglement
based on the spread of these eigenvalues. It characterizes the
correlations between M and (N − M )-body observables in an
N-fermion state. More precisely, given two pure states |〉,
|〉 of N fermions, we will say that |〉 is not less (M, N − M )
entangled, or simply not less M-body entangled than |〉, if
ρ
(M )
 is more mixed than (or equally mixed as) ρ
(M )
 , i.e., if






) ≺ λ(ρ (M ) ), (45)
where λ(ρ (M ) ) denotes the spectrum of ρ (M ), sorted in de-


































, implying that those of ρ (M )
are more spread out than those of ρ (M ) . Of course, one may
likewise employ the partner DM ρ (N−M ) in (45)–(46), since
they share the same nonzero eigenvalues. For M = 1 we re-
cover the concept of one-body entanglement, determined by
the SPDM ρ (1) [20,35].
Equation (45) is analogous to that satisfied by local reduced
states in systems of distinguishable components (where it
warrants that |〉 can be converted to |〉 by local operations
and classical communications (LOCC) [1,42,43]). Notice,
however, that majorization provides a partial order, entailing
that two states may be uncomparable according to previous
criterion.









nonzero eigenvalues of ρ (M ) are equal to 1/2






) ≺ λ(ρ (M )SD ) (47)
for 1  M  N − 1. Then the state (43) is more entangled
than a SD at any M-body level (1  M  N − 1).
However, in the pair condensate |2k〉 of Eq. (36) with
2  k  D/2 − 1, while clearly λ(ρ (1)2k ) ≺ λ(ρ
(1)
SD ) [Eq. (38)],
neither λ(ρ (2)2k ) ≺ λ(ρ
(2)
SD ) nor λ(ρ
(2)
SD ) ≺ λ(ρ (2)2k ) are fulfilled,




) − 1 eigenvalues are nonzero and lower than








for D > N . Hence SDs
no longer provide the least mixed two-body DM. The same
occurs with the three-body DM when its largest eigenvalue in
the state (36) exceeds 1 [Eq. (41)], in which case λ(ρ (3)2k ) ⊀
λ(ρ (3)SD ) and λ(ρ
(3)





Associated with previous definition (45), we may first con-
sider the M-body entropies


















where S f (ρ) = Tr f (ρ) is a trace-form entropy [44,45], with
f : R0 → R0 a strictly concave non-negative function
complying with f (0) = 0. These entropies will satisfy
E (M )f (|〉)  E (M )f (|〉) (49)
whenever Eq. (45) is fulfilled [40,41,46].
Equation (48) is particularly suitable for defining a one-
body entanglement entropy [20,35], since λ(1)ν ∈ [0, 1] and
standard entropic measures can be employed. For M  2 it is
possible to employ measures such as the bosoniclike entropy,
obtained for f (λ) = −λ log λ + (1 + λ) log(1 + λ) (such that∑
ν f (λν ) represents the von Neumann entropy of indepen-
dent bosons in the grand canonical ensemble with average
occupation numbers λν [45]), which is just an example of an
increasing concave function of λ satisfying f (0) = 0.
A second possibility, strongly motivated by the majoriza-
tion relations derived in the next sections, is to consider the
entropy of the normalized densities





which have eigenvalues λ(M )ν /
(N
M
) ∈ [0, 1] and satisfy
Tr[ρ (M )n ] = 1. In this case we may employ any entropic
measure S f (ρ) = Tr f (ρ) intended for standard probabilities
and define an associated M-body entropy as





) = S f (ρ (N−M )n ). (51)
In particular, the von Neumann entropy S(ρ) = −Trρ log2 ρ
leads to S(ρ (M )n ) = S(ρ (M ) )/
(N
M
) + log2 (NM). Other Schur-
concave functions [40] of ρ (M )n can also be used. Since at fixed






) ≺ λ(ρ (M )n ), (52)
as all eigenvalues are just rescaled by the same factor, it
will also imply E (M )n f (|〉)  E (M )n f (|〉). And any pair of
N-fermion states uncomparable with (45) will remain uncom-
parable with (52), and vice versa.
On the other hand, Eq. (52) can also be used to compare
the mixedness of reduced DMs ρ (M )n for states with distinct N ,






) ≺ λ(ρ (M )n ) ⇒ E (M )n f (|〉)  E (M )n f (|〉). (53)
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We finally remark that the converse of Eq. (53) does not
hold in general: Only if the entropic inequality E (M )n f (|〉) 
E (M )n f (|〉) holds for all concave functions f (and not just a
particular choice) can it be ensured that λ(ρ (M )n ) ≺ λ(ρ (M )n )
[46]. And this implies λ(ρ (M ) ) ≺ λ(ρ (M ) ) only when ρ (M ) and
ρ
(M )
 have the same trace, i.e., |〉 and |〉 the same fermion
number. For states with distinct N , Eq. (45) is to be replaced
by (52).
C. Operations not increasing the M-body entropy
Let us now determine the basic operations which do not
increase the M-body entropy (51). We first note that one-body
unitary transformations










where H† = H , lead to unitary transformations of all
M-body DMs, thus leaving their eigenvalues and hence
M-body entanglement unchanged. Since U†ciU =
∑
j Ui jc j
with U = exp[−iH], then ρ (1) → Uρ (1)U † and ρ (M ) →
U (M )ρ (M )U (M )†, with U (M )αα′ = εi1...imUα1α′i1 . . .Uαmα′im and ε the
fully antisymmetric tensor.
We now show, for both pure states |〉 with fixed fermion





with definite N (qi  0,
∑
i qi = 1 and N̂ |i〉 = N |i〉 ∀ i),
the following theorem:











†M(1)j = N̂/N = 1N within the sub-
space of states with definite fermion number N, does not
increase, on average, the mixedness of the normalized M-body


















between the spectrum of the initial and postmeasurement nor-
malized M-body DMs.




are the normalized M-body
DMs determined by the postselected states
ρ j = p−1j M(1)j ρM(1)j





while p j is the probability of outcome j:




] = 〈c†j c j〉/N, (59)
with
∑D
j=1 p j = 1. This measurement, with D distinct out-
comes, corresponds, for instance, to the detection of a single
fermion through its momentum or sp energy (labelled by j),

























for any Schur-concave function of ρ (M )n , including, in par-
ticular, the entropies (51). Thus Theorem 1 implies that the
entropy S f (ρ (M )n ) of the normalized M-body DMs will not
increase, on average, after such operation. For pure states this
means that the M-body entropy (51) will on average not in-
crease, and will in general decrease, after such measurement:





n f (| j〉), (61)
where | j〉 = M j |〉/√p j = c j |〉/
√
〈c†j c j〉 is the state af-
ter outcome j. For mixed states ρ with definite N , Eq. (61)
implies a similar inequality,





n f (ρ j ), (62)
for the convex-roof extension of (51), the M-body





where the minimum is over all representations (55)
of ρ as a convex mixture of pure states with definite
N . Equation (62) follows from (61) by using the
representation of ρ minimizing E (M )n f (ρ), such that E
(M )
n f (ρ) =∑
i qiE
(M )
n f (|i〉) 
∑
i, j qi pi jE
(M )




n f (ρ j ),
where p j =
∑
i qi pi j and pi j = 〈i|c†j c j |i〉/N .
Proof of Eq. (57). Let ρ be the state of an N fermion system
upon which the operation defined by the operators (56) is
performed. After outcome j is obtained, the elements of the
M-body DM ρ (M )j determined by the ensuing state (58) are,





αα′ = p−1j Tr M(1)j ρM(1)†j C(M )†α′ C(M )α (63)
= p−1j Tr ρ C(M )†α′ M(1)j
†M(1)j C(M )α , (64)
where the last line holds because operators C(M )α and M
(1)
j


































for the normalized M-body densities, i.e.,
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for any set of hermitian matrices Ai of the same dimension
[40,41,43,47]. 
In [35] we have shown that one-body entanglement, i.e.,
the one quantified by the mixedness of the SPDM ρ (1), is
also not increasing under measurements of the occupancy of
a fixed sp state. Such measurement, with just two possible
outcomes (1 or 0), is described by the number conserving pro-
jection operators P j = c†j c j, P j̄ = c jc†j = 1 − P j and leads




) ≺ n jλ(ρ (1)j ) + (1 − n j )λ(ρ (1)j̄ ), (69)
between the spectra of the initial and postselected SPDMs,
where n j = 〈|c†j c j |〉 and ρ (1)j , ρ (1)j̄ are the SPDMs deter-
mined by the postselected states | j〉 = c†j c j |〉/√n j and
| j̄〉 = c jc†j |〉/
√
1 − n j . For an N-fermion state |〉 an
identical relation obviously holds for the normalized DMs
ρ (1)n = ρ (1)/N , ρ (1)jn = ρ (1)j /N .
However, Eq. (69) does not generally hold for ρ (M ) with
M  2, implying that M-body entanglement will not neces-
sarily decrease after such measurement. A simple analytic
example is provided in Appendix B. Essentially, measurement
of the occupancy of a sp state reduces the available sp space
for “collective pairs” in a state like (36), implying a lower
maximum eigenvalue λ(M )1 in the postmeasurement states and
hence violation of the inequality (69) by ρ (M ) with M  2.
This result is expected, as these measurements do not neces-
sarily increase our knowledge of the M-body DM for M  2.
D. M-body density operators and generalized
majorization relations
To each M-body DM we can associate an M-body density
operator (DO)







α |0〉〈0|C(M )α′ , (70)
which is the unique mixed state of M fermions satisfying
Tr
[
ρ̂ (M )C(M )†α′ C
(M )
α
] = ρ (M )αα′ (71)
∀ α,α′, due to Eq. (3). The normal decomposition (23)–(30)
provides its diagonal representation:





ν |0〉〈0|A(M )ν . (72)
Now consider again the measurement (56) applied on a
general mixed state ρ of N fermions. If the result is un-
known, the postmeasurement state (with no postselection)











c j ρ c
†
j . (73)
Using Eq. (65) for M = N − 1 we obtain
Tr
[








∀ α,α′, implying ρ ′ = ρ̂ (N−1)n := ρ̂ (N−1)/N , the normalized







The (N − 1)-body DO is then just proportional to the post-
measurement state (73), with the operation in (75) playing
the role of a partial trace. Expressions similar or equivalent
to (75) have been previously derived in Refs. [27,36,38], with
[38] discussing its extension to states with no fixed fermion
number.
These results, together with Eqs. (57)–(62), can be ex-
tended to L-body measurements, in which L fermions are
annihilated. Such measurement can be obtained by applying
previous measurement L times, i.e., by composing it with







) = cβ1 . . . cβL√(N
L
) , (76)































∀ α,α′ for M  N − L. Hence, for L = N − M this implies









(N − M )!
∑
j1,..., jN−M
c j1 . . . c jN−M ρ c
†














which generalizes Eq. (75). The sum in (80) is the post-
measurement state (without postselection) of the L = (N −
M )-fermion measurement (76).





comes β, with probabilities







β pβ = 1, and postselected states
ρβ = p−1β M(L)β ρM(L)†β = C(L)β ρ C(L)†β /ρ (L)ββ , (82)
which generalize Eqs. (58)–(59). From Eq. (78) we then ob-
tain, for the ensuing conditional M-body DMs of elements
(ρ (M )
β












) ρ (M ), (83)








) = ρ (M )/(NM) (84)
and hence to







N. GIGENA, M. DI TULLIO, AND R. ROSSIGNOLI PHYSICAL REVIEW A 103, 052424 (2021)
for the normalized M-body DMs. Equation (85) then implies













between the initial and postmeasurement conditional nor-
malized M-body DMs, which generalizes Eq. (57) to the
















For pure states this implies that the entanglement entropies
(51) will not increase, on average, after these measurements.
The same occurs with the associated entanglement of forma-
tion for initial mixed states.
E. Mapping to bipartite systems
In the previous sections it was proposed to link the mixed-
ness of either ρ (M ) or ρ (N−M ), as reduced DMs of a given
N-fermion state, to the amount of correlations between M-
body and N − M-body observables on such state. In this
section we will show this relation is operationally justified by
the existence of a class of quantum maps converting states
of indistinguishable fermions into states of effectively distin-
guishable fermions, in such a way that entanglement in the
target state is bounded by the entropy (51) of the normalized
M-body DM.
Let |〉 be an N-fermion state with support in a sp sub-
space H of dimension D  N and let HA be a sp subspace
of dimension DA  M orthogonal to H, such that {ciA , c j} =
{c†iA , c†j } = {ciA , c†j } = 0 for iA ( j) labeling sp states in HA
(H) (entailing 〈iA| j〉 = 〈0|ciA c†j |0〉 = 0 ∀ iA, j). They are, of
course, subspaces of a complete sp space HT such that H ⊕
HA ⊂ HT . Consider now a completely positive and trace-
preserving (CPTP) map TM described by Kraus operators









where C(M )†μ = (c†i1A , . . . , c
†
iMA
) creates M fermions in HA
while C(M )α = (c jM , . . . , c j1 ) annihilates M fermions in H, and
T r is a
(DA
M




r†T r = 1, they will satisfy
∑
r









by virtue of Eq. (4), within the Fock space FN (H) of N
fermion states with support in H. Its action on an N-fermion
state |〉 ∈ FN (H) is, using Eqs. (8) and (12),
























. It is verified that the probability
of outcome r,
pr = 〈|T r†T r |〉 = Tr(r†r ), (90)
satisfies
∑
r pr = 1(NM)Tr(
(M )†(M ) ) = 1 due to Eq. (16).
Operators (88) can therefore be regarded as Kraus op-
erators describing a CPTP map on the N-fermion Fock
space that takes, with probability pr , the original state |〉
into the (M, N − M ) “bipartite” state |rAB〉 = (
√
pr )−1T r |〉
containing N − M fermions in H and M fermions in the
orthogonal sp space HA.
After the map is implemented with outcome r, we can
look at the reduced state of the fermionic modes in HA
in the state |rAB〉 (which will contain M fermions), ρrA =
TrB|rAB〉〈rAB|, such that 〈rAB|OA|rAB〉 = Tr [ρrAOA] for any
number conserving operator OA depending just on opera-







μ |0〉〈0|C(M )μ′ with
ρrA = rr†/pr . (91)
Similarly, ρrB = rT r∗/pr .
As a direct consequence of expression (91) we can derive
the following important result: If λ(ρrA) and λ(ρ
(M )
n ) denote
again the eigenvalue vectors (sorted in decreasing order) of
ρrA and ρ
(M )
















where the vector of smaller dimension is assumed to be com-
pleted with zeros to match the dimensions.




r(M )(M )†T r† = T rρ (M )n T r†.
We can also write



































since the nonzero eigenvalues of (
√
ρ (M )n T
r†)(T r
√
ρ (M )n ) are




ρ (M )n T
r† = prρrA.
In particular, Eq. (92) implies that the average bipartite
entanglement entropy between A and B of the final states, de-
fined by
∑
r prE f (|rAB〉) with E f (|rAB〉 = S f (ρrA) = S f (ρrB),
will never exceed the M-body entropy (51), which provides,
therefore, an upper bound to the generated bipartite entangle-
ment:












A second immediate corollary of (92) is that we can derive a
condition for the conversion of a pure N-fermion state |〉 into
a bipartite state |AB〉 of M and N − M fermions in orthogonal
sp spaces, i.e., with M fermions occupying sp states in HA,
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and N − M in H, by means of a CPTP map described by the




) ≺ λ(ρA) (95)
must hold, where ρA is the reduced state of A in |AB〉. 
Proof. If the map takes |〉 into |AB〉 and is described by
the operators (88), then for all r we have
T r |〉 = √pr |AB〉, (96)
with pr given by (90). It follows that ρrA = ρA ∀ r, and by
virtue of (92), Eq. (95) follows. 
We have therefore identified a class of quantum maps that
could be used to transform a pure state |〉 of N indistin-
guishable fermions into another state |AB〉 which contains a
definite number of fermions in two orthogonal sp subspaces,
such that M fermions can be effectively “distinguished” from
the remaining N − M due the orthogonality (for instance, M
fermions confined in a spatial region well separated from that
of the remaining N − M fermions, or in orbitals orthogonal
to those occupied in |〉). The conversion is such that the
entanglement between these two sets of particles in the target
state is bounded from above, on average, by the entropy of
the normalized M-body DM. This provides a clear operational
meaning to the suggested link between the mixedness of the
eigenvalues of this matrix and the amount of correlations
between the indistinguishable particles in |〉.
As a trivial example, consider a two-fermion state
|〉 = (αc†1c†2 + βc†3c†4)|0〉. (97)
As mentioned in Sec. II B, any two-fermion state with sup-
port in a sp subspace of dimension 4 (i.e., occupying just
4 sp levels) can be written in this way [11,12,20]. Its
SPDM ρ (1) is diagonal in this basis, with 〈c†j ci〉 = δi j fi
and fi = |α|2 for i = 1, 2, fi = |β2| for i = 3, 4, and fi = 0
otherwise, such that its nonzero eigenvalues are λ(ρ (1) ) =
(|α|2, |α|2, |β|2, |β|2), with |α|2 + |β|2 = 1. Consider now






ci, where ci annihilates a
fermion in H (i = 1, . . . , D) while c†iA creates a fermion in HA,
initially empty (and of dimension DA  D). Then T †T = 12
in F2(H), and







2 − c†2A c†1
) + β(c†3A c†4 − c†4A c†3)]|0〉 (98)
is a normalized two-fermion state with one fermion in HA and
one in H. This leads to reduced states ρA(B) with spectrum
λ(ρA(B) ) = (|α|2, |α|2, |β|2, |β|2)/2 identical to that of ρ (1)/2,
thus saturating the inequalities of the majorization relation
(92). We note that even if β = 0, in which case |〉 is a
SD, T |〉 is no longer a SD and has, therefore, nonzero one-
body entanglement, in agreement with the result that bipartite
entanglement with fixed fermion number or number parity at
each side requires one-body entanglement [35].
In contrast, for T r = 1√
2
c†1A cr , r = 1, . . . D, still∑
r T r†T r = 12 in F2(H) but T r |〉 is either 0 or
proportional to a state c†1A c
†
j |0〉 with c†j |0〉 ∈ H, and no direct
A − B entanglement is generated, thus trivially satisfying
Eq. (92).
IV. CONCLUSIONS
We have examined a general bipartitelike representation
and Schmidt decomposition of arbitrary N-fermion states,
which expresses it in terms of general M- and (N-M)-fermion
creation operators. It is directly connected to the reduced
M and (N-M)-body DMs, which share the same nonzero
eigenvalues, formally resembling the standard case of dis-
tinguishable components. It naturally leads to the concept
of M-body entanglement, determined by the mixedness of
the M or (N-M)-body DMs, which generalizes one-body
entanglement and characterizes the correlations between M-
and (N-M )-body operators. Such entanglement is of course
independent of the choice of sp basis (it is not a mode-
entanglement) and in fact also of the choice of M-fermion
creation operators, as long as they satisfy Eqs. (26) and (27).
The full set of M-body DMs ρ (M ) (1  M  N/2) provides
a detailed characterization of the structure of correlated N-
fermion states. We have explicitly seen that correlated states
which look similar at the level of the one-body DM can lead
to very distinct M-body DMs, as in the case of the states (43)
and (36). In the latter, emergence of bosoniclike features is
signaled by the appearance of an eigenvalue larger than 1 in
the M-body DM for M  2. On the other hand, all SDs (i.e.,
all free or independent fermion states) lead to idempotent M-
body DMs (i.e., with eigenvalues 1 or 0) ∀ M. The eigenvalues
of ρ (M ) determine the average of M-body operators, and its
largest eigenvalue provides an upper bound to all averages
〈A(M )†A(M )〉 [Eq. (33)] determined by “collective” operators
A(M )† creating a normalized state of M fermions.
Finally, we have investigated some operational impli-
cations of M-body entanglement. By demonstrating the
majorization relation (57), we have shown that the entropy
(51) of the normalized M-body DM will not increase (and
will in general decrease) under single fermion measurements
determined by the Kraus operators (56). This result can be
extended to general L-fermion measurements based on the
operators (76) [Eqs. (86) and (87)], which have the reduced
M-body DMs as postmeasurement states. Moreover, by prov-
ing the majorization relation (92), we have shown that such
M-body entropy also provides an upper bound to the aver-
age bipartite entanglement entropy between M and N − M
effectively distinguishable fermions generated by the mapping
determined by the operators (88). Present results then provide
the basis for a general theory of many-body entanglement
beyond antisymmetrization in fermion systems.
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APPENDIX A: EIGENVALUES OF ρ(M)
IN THE STATES |2k〉
We first derive here the eigenvalues of the first three M-
body DMs in the states (36). Since fermions are created in
pairs c†2i−1c
†
2i with equal probability, the elements of the one-
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body DM in these states are easily seen to be
〈2k|c†i c j |2k〉 = δi jN/D, (A1)
implying ρ (1) = ND1. Thus it is the maximally mixed SPDM
compatible with the total fermion number N , being hence
diagonal in any sp basis with a single D-fold degenerate
eigenvalue N/D.
On the other hand, the elements of the two-body DM are
blocked in two submatrices. The first one, comprising the con-
tiguous pair creation operators c†2i−1c
†
2i that form the operator
A† of Eq. (34), has elements
〈2k|c†2i−1c†2ic2 jc2 j−1|2k〉 = αδi j + β(1 − δi j ), (A2)















) = 2k(D − 2k)
D(D − 2) .
Hence, since this D2 × D2 block is just (α − β )1 + M, with M
a rank-1 matrix with all elements equal to β, it has just two
distinct eigenvalues: a nondegenerate eigenvalue






β = k(1 − 2(k − 1)/D), (A3)
which is precisely that associated with the collective uni-
formly weighted pair creation operator A†,
〈2k|A†A|2k〉 = λ(2)max, (A4)
and a (D/2 − 1)-fold degenerate smaller eigenvalue
λ
(2)
rest = α − β =
4k(k − 1)
D(D − 2) . (A5)
The other block comprises the remaining
(D
2
) − D2 pair cre-
ation operators c†i c
†
j involving two distinct pairs and is directly




= λ(2)rest. Thus the final result




















The same procedure can be applied to determine the eigen-
values of the three-body DM ρ (3). For creation of three
fermions with two of them in one of the contiguous pairs
(2i − 1, 2i), we obtain
〈2k|c†2i−1c†2ic†j ckc2l c2l−1|2k〉 = δ jk[γ δil + η(1 − δil )],
(A7)














Hence we obtain D identical ( D2 − 1) × ( D2 − 1) blocks, each







η = 2k(k−1)(1−2(k − 1)/D)
D − 2 (A8)
= 〈2k|A(3)†j A(3)j |2k〉, (A9)












rest = γ − η =
8k(k − 1)(k − 2)
D(D − 2)(D − 4) , (A10)




) − D( D2 − 1) triplets c†i c†j c†k belonging to





= λ(3)rest. Therefore there are D eigen-
values equal to λ(3)max plus
(D
3

















It should be noticed that while λ(3)rest  1, λ(3)max  1 for 1 +√
D/2  k  D/2, reaching its maximum for k ≈ D/3 for
D  6, where λ(3)max ≈ 2D/27.
For obtaining the largest eigenvalue λ(2m)max of the M =
2m-body DM algebraically, we may directly note that it
will arise from a
(D/2
m
) × (D/2m ) block containing products
of m distinct pairs c†2i−1c
†
2i and c2 jc2 j−1. All elements
〈2k|c†2i1−1c†2i1 . . . c2 j1 c2 j1−1|2k〉 will be positive, with all
rows of this block having the same sum owing to symmetry. Its
largest eigenvalue will then be equal to this sum (as verified in
(A3) for m = 1) and is associated to the uniform eigenvector
∝ (1, 1, . . . , 1), i.e., to the collective operator A(2m)† ∝ (A†)m,
of Eq. (36), implying Eq. (42).
APPENDIX B: BEHAVIOR OF ρ(2) UNDER SINGLE-MODE
OCCUPANCY MEASUREMENT
We will now prove that in the states (36), measurement of
the occupancy of one sp mode through the operators Pk =
c†kck and Pk̄ = ckc†k will break the analogous of Eq. (69) for
ρ (2). We will prove, in fact, that the largest eigenvalue (A3) of








1k + (1 − pk )λ(2)1k̄ , (B1)
which breaks the first majorization inequality.
Proof. If the sp state k is measured to be occupied, which
will occur with probability pk = N/D, the associated contigu-
ous pair (k, k + 1) (k odd) or (k − 1, k) (k even) becomes
“freezed” and the maximum eigenvalue λ(2)k max of the ensuing
DM ρ (2)k will arise from the remaining N − 2 fermions occu-
pying the other D − 2 sp states. Consequently, using Eq. (A3)





2(D − 2) (D + 2 − N ) <
N
2D
(D + 2 − N ) = λ(2)max,
where the inequality holds for N < D. Similarly, if state k is





2(D − 2) (D − N ) <
N
2D
(D + 2 − N ) = λ(2)max,
where the inequality holds for N > 2. These two results imply
Eq. (B1) and hence violation of a majorization relation similar
052424-10
MANY-BODY ENTANGLEMENT IN FERMION SYSTEMS PHYSICAL REVIEW A 103, 052424 (2021)
to (69) for M = 2. Analogous results can be obtained for
M = 3 in the same states (36).
For completeness, we also verify that for the measurement











in (57) for the largest eigenvalues of the initial and post-
measurement normalized two-body DMs, does hold. Using
again Eq. (A3) for λ(2)max (with k = N/2) and λ(2)k max (with k =
N/2 − 1 and D → D − 2), with pk = 〈c
†
k ck〉
N = 1D , we obtain,





(N − 2)(D + 2 − N )
2(D − 2)(N−12 )
= D + 2 − N
(D − 2)(N − 1) 
(D + 2 − N )
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